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DeepSeekMath & The Big Improvement

Math is deterministic

LLMs produce what a good answer probably looks like

DeepSeekMath: Pushing the Limits of Mathematical
Reasoning in Open Language Models
27 Apr 2024
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Best LLM for the MATH benchmark

Comparing the main frontier models on the MATH benchmark.
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MATH LLM Benchmark

12,500 problems sourced from high school math competitions

A PhD student without a strong math background scored 40%

A three-time IMO gold medalist scored 90% (IMO = International Mathematical Olympiad)

https://www.bracai.eu/post/llm-math-benchmark



Cagney can frost a cupcake every 20 seconds and Lacey can frost a cupcake every 30
seconds. Working together, how many cupcakes can they frost in 5 minutes?

A)10. B) 15 C) 20 D) 25 E 30

A taxi ride costs $1.50 plus $0.25 per
mile traveled. How much does a 5-mile
taxi ride cost?
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What is the value of
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A number z is 2 more than the product
of its reciprocal and its additive
inverse. In which interval does the
number lie?

(A) -4<2<-2 (B) -2<z<0 (C)0<z<2
D)2<x<A4 (E)4<x<6

The median of the list

nn+3n+dn+in+6n+8n+10,n+12,n+ 15

is 10. What is the mean?

In the year 2001, the United States will
host the International Mathematical

Olympiad. Let I, M, and O be distinct
positive integers such that the product
I-M -O = 2001. What's the largest

possible value of the sum
I+ M + O?



DeepSeekMath - Math Pre-Training at Scale

DeepSeekMath Corpus - 120B tokens

. / 2. Recall Math-Related Webpages\

(. )
\1. Train a FastText Model/ \ From Common Crawl j

.

@

Math Seed
‘ Deduplicated Common Crawl Math Corpus

40B HTML pages

C:}gzl;,otate Math-Related \1 3. Discover Math-Related Domains
ath From Labelers / K

Figure 2 | An iterative pipeline that collects mathematical web pages from Common Crawl.

OpenWebMath initial seed corpus

500,000 data points from the seed corpus as positive training examples
500,000 web pages from Common Crawl as negative ones.



Common Crawl

2 billion web pages in each of its monthly crawls,
generating around 250 terabytes of data each month

Stored on Amazon Web Services’ Public Data Sets
Access to the corpus hosted by Amazon is free.

https://commoncrawl.org/overview

DeepSeek reduced the Common Crawl to 40B webpages
URL-based deduplication and near-deduplication techniques,



FastText Model

Text classification model

To train the model, they used
vector dimension to 256,
learning rate to 0.1,
maximum length,
of word n-gram to 3,
the minimum number of word occurrences to 3
the number oftraining epochs to 3

Rank the collected pages according to fastText model
Only preserve the top-ranking ones



Collecting the Corpus

First iteration of data collection missed Math webpages

Enriched the seed corpus

Calculate the percentage of Math pages in a domain
If 10% of the pages are Math pages, manually annotate the URLs
Web pages linked to these URLSs, yet uncollected, will be added to the seed corpus

Retrain model and repeat

After 4 iterations 98% of data was collected in third iteration so stopped

35.5M mathematical web pages, totaling 120B tokens



Benchmark Contamination

Need to remove answers to Math benchmarks questions from training data

GSM8K

MATH (12,500 problems)
Chinese benchmarks such as
CMATH

AGIlEval

Filtering criteria

Any text segment containing a 10-gram string that matches exactly with any sub-string
from the evaluation benchmarks is removed from our math training corpus.

For benchmark texts that are shorter than 10 grams but have at least 3 grams
employ exact matching to filter out contaminated web pages



Validating the Quality of the DeepSeekMath Corpus

MathPile(8.9B tokens)
Textbooks, Wikipedia, ProofWiki, CommonCrawl, StackExchange, and arXiv

OpenWebMath
CommonCrawl, 13.6B tokens

Proof-Pile-2
OpenWeb-Math, AlgebraicStack (10.3B tokens), and arXiv papers (28.0B tokens).

Train DeepSeek-LLM 1.3B separately on each of the Corpusora



Validating the Quality of the DeepSeekMath Corpus

Train DeepSeek-LLM 1.3B separately on each of the Corpusora

AdamW optimizer with
£1=0.9, g2 = 0.95, and weight_decay= 0.1

Multi-step learning rate schedule

Learning rate reaches the peak after 2,000 warmup steps,

Decreases to its 31.6% after 80% of the training process,

Further decreases to 10.0% of the peak after 90% of the training process.
Maximum learning rate 5.3e-4,

Batch size of 4M tokens

4K context length



Validating the Quality of the DeepSeekMath Corpus

English Benchmarks Chinese Benchmarks

Math Corpus Size MMLU Gaokao Gaokao

GSMS8K MATH OCW SAT STEM CMATH MathCloze MathQA
No Math Training N/A 29% 3.0% 29% 15.6% 195% 12.3% 0.8% 17.9%
MathPile 8.9B 27%  33% 22% 12.5% 15.7% 1.2% 0.0% 2.8%
OpenWebMath 13.6B 11.5% 89% 3.7% 31.3% 29.6% 16.8% 0.0% 14.2%
Proof-Pile-2 519B 14.3% 11.2% 3.7% 43.8% 29.2%  19.9% 5.1% 11.7%
DeepSeekMath COI'pllS 120.2B 23.80/0 13.60/0 4.8(yo 56.3‘% 33.10/0 41.50/0 5.90/0 23.60/0

Table 1 | Performance of DeepSeek-LLM 1.3B trained on different mathematical corpora, evalu-
ated using few-shot chain-of-thought prompting. Corpus sizes are calculated using our tokenizer

with a vocabulary size of 100K.



DeepSeekMath-Base 7B

Start with DeepSeek-Coder-Base-v1.5 7B

Trained for 500B tokens

56% from DeepSeekMath Corpus,
4% from AlgebraicStack,
10% from arXiv,

20% is Github code,

10% is natural language data from Common Crawl in both English and Chinese.
AdamW optimizer with

£1=0.9, g2 = 0.95, and weight_decay= 0.1

Multi-step learning rate schedule

Learning rate reaches the peak after 2,000 warmup steps,
Decreases to its 31.6% after 80% of the training process,

Further decreases to 10.0% of the peak after 90% of the training process.

Maximum learning rate 4.3e-4,
Batch size of 10M tokens

4K context length



DeepSeekMath-Instruct 7B

Start with DeepSeekMath-Base

Training examples are randomly concatenated to 4K tokens.
500 steps

Batch size of 256
Constant learning rate of 5e-5

DeepSeek-Coder-Base-v1.5 7B -> DeepSeekMath-Base -> DeepSeekMath-Instruct 7B



Now Use Reinforcement Learning

Group Relative Policy Optimization (GRPO)

PPO
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GRPO Basics

Sampling:
Generate multiple outputs for each prompt using the current policy

Reward Scoring:

Each generation is scored using a reward function, could be rule-based or
outcome-based

Advantage Calculation:

The average reward of the generated outputs is used as a baseline. The
advantage of each solution within the group is then computed relative to this
baseline. The reward is normalized within a group.

Policy Optimization:

The policy tries to maximize the GRPO objective, which includes the
calculated advantages and a KL divergence term.

21



KL (Kullback-Leibler) divergence

Measure of how one probability distribution differs from another

In PPO quantifies the difference between
Current policy (the policy being updated) and
Old policy

Policy Stability:
PPO update policies gradually
The KL divergence helps gauge this difference

Trust Region Control:

By measuring how far the new policy has moved from the old one, PPO can
enforce a “trust region” that prevents overly large updates, ensuring stable
training.

22



GRPO b —~
Reference
01 Model " Ay
Policy 0, Lr Reward 1_’ r, .{[ Group A,
Model T . Model J . \ Computation .o

Algorithm 1 Iterative Group Relative Policy Optimization

Input initial policy model g
1: policy model mg « mg,_,
2: foriteration=1,...,1do

reward models ry; task prompts D; hyperparameters ¢, 8,

.
init”/

3: reference model 7,.s « mg

4: forstep=1,..., M do

5: Sample a batch Dy from D

6: Update the old policy model mg ,, « g

7: Sample G outputs {0;}7, ~ g, (- | q) for each question g € Dy

8: Compute rewards {r;}{, for each sampled output o; by running r,

9: Compute A;, for the t-th token of o; through group relative advantage estimation.
10: for GRPO iteration=1, ..., udo
11: Update the policy model 7y by maximizing the GRPO objective (Equation 21)
122 Update ry, through continuous training using a replay mechanism.

Output g
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DeepSeekMath-RL

DeepSeek-Coder-Base-v1.5 7B -> DeepSeekMath-Base
-> DeepSeekMath-Instruct 7B
-> DeepSeekMath-RL

24



GRPO and the Countdown Game

https://www.philschmid.de/mini-deepseek-r1

https://github.com/philschmid/deep-learning-pytorch-huggingface/blob/
main/training/mini-deepseek-r1-aha-grpo.ipynb

Countdown game

Use set numbers and basic arithmetic operations (+, -, x, +) to reach or get as
close as possible to a target number.

Target Number: 952
Available Numbers: 25, 50, 75, 100, 3, 6

(100 x (3 x 3)) + (50 + 6 / 3) = 952

25



Training Dataset

from transformers import AutoTokenizer
from datasets import load dataset

dataset_id = "Jiayi-Pan/Countdown-Tasks-3to4"
dataset = load_dataset(dataset_id, split="train")
dataset = dataset.shuffle(seed=42).select(range(50000))

{'target’: 88, 'nums': [95, 21, 3]}
{'target’: 62, 'nums': [22, 29, 69]}
{'target": 17, 'nums': [9, 73, 38, 2]}
{'target’: 98, 'nums': [33, 4, 2, 59]}
{'target’: 53, 'nums': [25, 42, 13, 83]}
{'target”: 19, 'nums': [15, 23, 57]}
{'target’: 47, 'nums’; [2, 37, 5]}
{'target: 71, 'nums': [74, 39, 66, 81]}
{'target": 26, 'nums': [98, 58, 47, 33]}
{'target’: 83, 'nums': [67, 65, 87, 38]}
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tokenizer = AutoTokenizer.from_pretrained(“Qwen/Qwen2.5-3B-Instruct")

def generate_r1_prompt(numbers, target):
r1_prefix = [{

"role": "system"”,

"content": "You are a helpful assistant. You first thinks about the reasoning
process in the mind and then provides the user with the answer."

h
{

"role": "user",

"content": f"Using the numbers {numbers}, create an equation that equals {target}.
You can use basic arithmetic operations (+, -, *, /) and each number can only be used
once. Show your work in <think> </think> tags. And return the final equation and
answer in <answer> </answer> tags, for example <answer> (1 + 2) / 3 = 1 </answer>."

h
{

"role": "assistant”,
"content”: "Let me solve this step by step.\n<think>"

j]

return {"prompt": tokenizer.apply chat_template(r1_prefix, tokenize=False,
continue_final _message=True), "target": target}

27



# convert our dataset to the r1 prompt
dataset = dataset.map(lambda x: generate_r1_prompt(x["nums"], x["target"]))

# split the dataset into train and test
train_test split = dataset.train_test split(test _size=0.1)

train_dataset = train_test_split["train"]
test_dataset = train_test_split["test"]

28



Reward Functions

GRPOTrainer needs reward function (s) to evaluate model

Use
Properly formatted response
Correct equation
Numbers used only once
Math is done correctly

GRPO — T
o Reference . A

- Model | - 1

Policy 0, /_: Reward 1_’ r, ﬁ Growp | | A,

Model — \ Model J \ Fiomputatxol?/ -
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Train the model using GRPO

import re

def format_reward_func(completions, target, **kwargs):
""Format: <think>...</think><answer>...</answer>"""
rewards = []

for completion, gt in zip(completions, target):
try:
completion = "<think>" + completion
# Check if the format is correct
regex = r"A<think>(["<]*(?:<(?!/?think>)["<]*)*)<Vthink>\n<answer>([\s\S]*?)<Vanswer>$"

match = re.search(regex, completion, re. DOTALL)

# if the format is not correct, reward is 0

if match is None or len(match.groups()) != 2:
rewards.append(0.0)

else:
rewards.append(1.0)

except Exception:
rewards.append(0.0)
return rewards
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def equation_reward_func(completions, target, nums, **kwargs):

rewards = []
for completion, gt, numbers in zip(completions, target, nums):
try:

completion = "<think>" + completion
match = re.search(r'<answer>(.*?)<\Vanswer>", completion) # Is format correct
if match is None:
rewards.append(0.0)
continue
equation = match.group(1).strip()
used _numbers = [int(n) for n in re.findall(r\d+', equation)]

if sorted(used_numbers) != sorted(numbers): # Check if all numbers are used exactly once
rewards.append(0.0)
continue
allowed_pattern = r'A[\d+\-*/().\s]+$'
if not re.match(allowed_pattern, equation):
rewards.append(0.0)
continue

result = eval(equation, {" builtins__": None}, {}) # Evaluate the equation

if abs(float(result) - float(gt)) < 1e-5: # Is equation correct
rewards.append(1.0)

else:
rewards.append(0.0)

except Exception:
rewards.append(0.0)
return rewards 3]



correct_sample 1 ="""We need to find an equation using the numbers 19, 36, 55, and 7
exactly once, with basic arithmetic operations, that equals 65. One possible
combination is 55 + 36 - 19 + 7... </think>

<answer> 55 + 36 - 7 - 19 </answer>"""

correct_sample 2 =""" ... </think>

<answer> 55 + 36 - 7 - 19 </answer>"""

wrong_format = ""User: Using the numbers [19, 36, 55, 7], create an equation that equals 65."™

wrong_format_2 = """To find the equation that equals 79 using the numbers 95, 78, 6, 88, I'll start by adc
and 95:

95 + 88 = 183

Now, let's subtract 104 from 183 to get 79:

183 -104 =79

<think> 183 - 104 = 79 </think><think> 183 - 104 = 79 </think><answer> 183 - 104 = 79 </answer>"""

wrong_result = """ ... </think>
<answer> 55+ 36 -7 - 18 </answer>"""

test_rewards = format_reward_func(completions=[correct_sample 1, correct sample 2, wrong_format,
wrong_format_2, wrong_result], target=["65", "65", "65", "65", "65"], nums=[[19, 36, 55, 7]] * 5)

assert test_rewards == [1.0, 1.0, 0.0, 0.0, 1.0F*"Reward function is not working"



test rewards = format_reward_func(
completions=[correct_sample 1, correct sample 2, wrong_format, wrong format 2, wrong_result],
target=["65", "65", "65", "65", "65"],
nums=[[19, 36, 55, 7]] * 5)

assert test_rewards ==[1.0, 1.0, 0.0, 0.0, 1.0], "Reward function is not working”

test rewards = equation_reward_func(
completions=[correct_sample 1, correct sample 2, wrong_format, wrong format_ 2, wrong_result],
target=["65", "65", "65", "65", "65"],
nums=[[19, 36, 55, 7]] * 5)

assert test_rewards ==[1.0, 1.0, 0.0, 0.0, 0.0], "Reward function is not working"
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from trl import GRPOConfig, GRPOTrainer, get_peft_config, ModelConfig

# our model we are going to use as policy

model config = ModelConfig(
model _name_or_path="Qwen/Qwen2.5-3B-Instruct",
torch_dtype="bfloat16",
attn_implementation="flash_attention_2",
use_ peft=True,
load_in_4bit=True,

34



# Hyperparameters

training_args = GRPOConfig(
output_dir="gwen-r1-aha-moment",
learning_rate=5e-7,
Ir_scheduler_type="cosine",
logging_steps=10,
max_steps=100,
per_device_ train_batch size=1,
gradient_accumulation_steps=1,
gradient_checkpointing=True,
gradient_checkpointing_kwargs={"use reentrant": False},
bf16=True,
# GRPO specific parameters
max_prompt_length=256,
max_completion_length=1024, # max length of the generated output for our solution
num_generations=2,
beta=0.001,

)
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trainer = GRPOTrainer(
model=model_config.model _name_or_path,
reward_funcs=[format_reward func, equation_reward_func],
args=training_args,
train_dataset=train_dataset,
eval dataset=test dataset,
peft_config=get peft _config(model config),

# Train and push the model to the Hub
trainer.train()

# Save model
trainer.save_model(training_args.output_dir)

36



Run Time

On single CPU, GPU 20 minutes per step, but need 450 steps

Using
vLLM
DeepSpeed
4 H100 80GBs

Took 6 hours

37



Hyperparameters

Started with DeepSeekMath paper values
learning rate of 1e-6
beta (KL coefficient) of 0.04

Unstable training runs after around 150 steps

So used learning rate to 5e-7 and the beta to 0.001

38



torch_dtype: bfloat16
attn_implementation: flash_attention_2
bf16: true

e FUll Parameter List

output_dir: runs/qwen-2.5-3b-r1-countdown

# Dataset arguments
dataset_id_or_path: Jiayi-Pan/Countdown-Tasks-3to4

# Lora Arguments
# No LoRA is used here

# Training arguments
max_steps: 450
per_device train_batch_size: 1
gradient_accumulation_steps: 8
gradient_checkpointing: true
gradient_checkpointing_kwargs:
use_reentrant: false
learning_rate: 5.0e-7 # 1.0e-6 as in the deepseek math paper 5-e7 from https://hijkzzz.notion.site/unraveling-rihf-and-its-variants-engineering-insights#147d9a33ecc9806090f3d5c749d31fC
Ir_scheduler_type: cosine
warmup_ratio: 0.03
# GRPO specific parameters
beta: 0.001 # 0.04 as in the deepseek math paper 0.001 from https://hijkzzz.notion.site/unraveling-rlhf-and-its-variants-engineering-insights#147d9a33ecc9806090f3d5¢c749d31f05
max_prompt_length: 256
max_completion_length: 1024
num_generations: 8
use_vlim: true
# vllm_device: "cuda:3"
viim_gpu_memory_utilization: 0.5

# Logging arguments

logging_strategy: steps

logging_steps: 2

report_to:

- tensorboard

save_strategy: "steps"

save_steps: 25

seed: 42 39



Training Observations

~50 steps
the model has learned the correct format <think>...</think>\n<answer>...</answer>.

100 steps
Success rate for solving the equation is around 25%. The model
starts to "reason" with words

200 steps the
Performance seems to converge much slower
~40% success rate.

Learns a new "format" where it solves the equation by trying different combinations and
reviewing the results,

450 steps
50% success
The performance still improves slowly
Model kept its new format form from step 200.

40



Successfull Reasoning Sample up to step 200

<think> First, | need to think about the numbers we have: 14, 70, and 80. To get 85, | think 80 might
be a good starting point because it's right in between 85. If | subtract or add 80, it won't lead to 85
easily. Next, 70 seems to be a good intermediate number, especially to use in conjunction with 14.

Now, | can think about different combinations using addition, subtraction and multiplication/division. If
| take 80 - 70 = 10, which is not needed. So, | need to find a way to use 14. If | subtract 14 from 80, |
get 66, which still isn't 85. If | subtract 70 from 80, | get 10 again, this isn't constructive yet.

Multiplication could create numbers larger than the target 85. Let's consider division: If | divide 70 by
14, | get 5. Then if | add this result to 80, | get 85. This combination seems promising: 80 - (70/ 14) =
80 - 5 = 75, this still isn't quite right. Let me correct my approach: Let's use division and then addition.
If | take 80/ (70/14) — 80/ 5 =16, and then 80 - 16 = 64, still incorrect. Let me simplify: 80 / (70 /
14) — 80/ 5 = 16, and then 80 - 16 gives 64 again, let me correct: 80 - (70/14) —- 80 -5 =75, but |
need 85. Thus | will use the combinations in a slightly different order to insert numbers: | get 80 +

(70 / 14) = 80 + 5 = 85</think>

<answer> 80 + (70 / 14) </answer>
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Successfull Reasoning Sample between step 200 and 450

<think> We need to use the numbers 39, 16, and 55 with basic arithmetic operations to get 78.
Let's try different combinations:

-55+39-16 =84 - 16 = 68 (too low)
-55+16-39=71-39 =32 (too low)
-55-16+ 39 =39 + 39 = 78 (this works)

So, the equation is 55 - 16 + 39 = 78. </think>
<answer> 55 - 16 + 39 </answer>
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The Big LLM Architecture Comparison

https://magazine.sebastianraschka.com/p/the-big-lim-architecture-comparison
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Grouped-Query Attention (GQA)

Multi-head Attention (MHA)

Values
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Multi-Head Latent Attention (MLA)

Store compressed Key & Value tensors

Uncompress them when needed

DeepSeek V3/R1

-

Linear output layer
Final RMSNorm
+
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- ~
MoE
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ROPE )_, Muhmantzi;ﬁlent wloesn sEms
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( Token embedding layer )
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Sample input text

-----------------------------------------------------
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Multi-head Latent Attention (MLA)

Inference step t:

‘1 dev

Compressed
Key and Value

Key idea: Reduces memory
usage in KV cache

Regular Multi-head Attention (MHA)

Inference step t:




Unlike what previous papers Found, this paper
Finds that MHA Per‘For‘me much BETFEK than GQA

2 Dense 7B
Benchmark (Metric) # Shots w/MOA wiG Q Als Gr %ps)\ MHA
# Params - 7.1B 6. 9B , 6.9B
BBH (EM) 3-shot 33.2 35.6 37.0
MMLU (Acc.) 5-shot 37.9 41.2 45.2
C-Eval (Acc.) 5-shot 30.0 OZ.7 42.9
CMMLU (Acc.) 5-shot 34.6 38.4 43.5
. VN

Table 8 | Comparison among 7B dense models with MHA, GQA, and MQA, respectively. MHA
demonstrates significant advantages over GQA and MQA on hard benchmarks.

: Small MoE Small MoE | Large MoE Large MoE

Benchmark (vietric) #Shots | "'/ MHA  w/MLA | w/MHA w/MLA
# Activated Params - 2.5B 24B 25.0B 21.5B

# Total Params - 15.8B 15.7RB 250.8B 247 4B
KV Cache per Token (# Element) - IllO.6K 15.6K l 860.2K 34.6K
BBH (EM) 3-shot 379 ¥ 39.0 46.6 50.7
MMLU (Acc.) 5-shot 48 50.0 57.5 59.0
C-Eval (Acc.) 5-shot .6 50.9 57.9 59.2
CMMLU (Acc.) 5-shot 52.3 53.4 60.7 62. 5

Table 9 | Comparison between MLA an
performance than MHA, but requi

The memory requirements For MLLA
are much lower than for MHA

HA on hard benchmarks. DeepSeek ws better
a significantly smaller amount of KV cao\e

MLA erf—or‘m«; better than MHA

46

(here +e~;+ed on Mixture- oP'Exper"rc:.
architectures)



Mixture of Experts (MoE) - Sparce Models

As the parameter count grows
More information is stored
Compute time grows

Divide the FFNs into groups - Experts
8, 16, 64 experts

A router determines which experts to send a token

Each expert specializes in a domain
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How it Works

When a tokne enters an MoE layer

Routing:
The router calculates a probability score for each expert

Selection (Top-K):
The system selects the best experts for that token
Most commonly the Top-2.

Processing:
The token is sent only to those two experts

Weighted Sum:
The outputs from the selected experts are combined and
passed to the next layer of the Transformer.
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DeepSeek V3

256 experts per MoE module
671 billion parameters

During inference
1 shared expert plus 8 selected by the router
37 billion parameters are used per inference step

Early MoE: Has bigger Fine-grained MoE uses MoE with shared expert:
and Fewer experts, and more but smaller adlso uses many small
activates only a few experts, and activates experts, but adds -
experts (here: 2) more experts (here: 4) shared expert that is

always active

Output Hidden (OO

Output Hidden

[
i
Output Hidden (OO :
]
\

/

-----------

\
Routed Expert }
]

Shared Expert ! i

Input Hidden |O QO

(a) Conventional Top-2 Routing === (b) + Fine-grained Expert Segmentation s (c) + Shared Expert Isolation
(DeepSeekMoE)

Input Hidden |O QO

Input Hidden




DeepSeek V3.2 (671B)

Vocabulary size of 129k

*

-

RoPE
Supported \
context length

of 128k tokens 6,1 X

*
-
*
el
*
-~

(Linear output Iayer)

[ Final RMSNorm )

RMSNorm 2

3
[ moe
[ RMSNam2

)

Multi-head Latent
Attention (MLA)

+
DeepSeek Sparse
Attention (DSA)

RMSNorm 1

4
S

FeedForward (SwiGLU) module

*
~
L]

---------------------------------------------

*
.
[

( Linear layer J

7}
|

®

[SiLU activation)( Linear layer ) :

( Linear layer )

*

Intermediate hidden
layer dimension of

2,048
T MoE layer

gSEEEEE AN SN NN NN NSNS EEEEEEEEEEEEEE

First 3 blocks use
dense FFN with
hidden size 18,432
instead of MoE

( Tokenized text )

T

Sample input text

128 heads
Embedding

dimension of 7,168
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' Feed forward | ' Feed forward I
HE B BN

i
o]
C
—
)
-

Resource savings:

Model size is 671B

but only 1 (shared) + 8 experts
active per token

only 37B parameters are active
per inference step



Gemma 3

Uses a Sliding Attention Window to reduce memory - Local Attention

Regular causal self-attention mask Sliding window attention

The cat sat on the The cat sat on the

catHOO caa 110 0 0
Eat 1 1 1 Q0o satf/ 1 1 1N0 O

< \
on 1 1 1 14 on | 0. 1 1
T % \.\
he |1 1 1 1 ) te [0 o) 1 1 "1
Using a causal attention Nt attende d/L'Jsing a causal attention mask,
mask, the current token P the current token can only
can only attend previous computation attend previous tokens within a
certain limit

tokens (+ itself)
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Gemma Sliding Window

Gemma 2
1 full attention layer for each layer using a sliding window 1:1

Sliding window size 4096

Gemma 3
1 full attention layer for every 5 layers using a sliding window 1:5

Sliding window size 1024

Full (regular) vs sliding window attention Sliding window size
0.1 = 0.01 -

2 98 2 o

x / o e~ el LN SR T

?‘3_ 0.0‘W——'— ———— T -

2 s Carger ra?t!o. o Larger size:

more efficient e —0.01 o

< < m— 2B L:G=1:1 less efficient
Smaller ratio: / 2B L:G=3:1 /
less efficient J ! —0.02 - '

\* 1:1 3:1 5:1 7:1 1024 2048 4096

/4 Local:Global X / / Sliding Window \

Whether to use a 1:1 (Gemma 2) or 5:1 (Gemma 3) ratio Smaller size: .
of full (global)and sliding window (local) attention layers more efficient Ne?“f’le m.odel.lng.performance difference whether
has no significant impact on the modeling performance a sliding window " of 1024 (Gemma 3) or

4096 (Gemma 2) is used.
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Post-Norm or Pre-Norm

Original transformer two normalization layers in the transformer block

After the attention module and the FeedForward module
Post-Norm

GPT and most other LLMs

Normalization layers before the attention and FeedForward modules
Pre-Norm

Pre-Norm even works well without careful learning rate warm-up

With QK-Norm

pre-attention norm
post-attention norm + QK-norm
More loss spikes with Pre-Norm

better Jrr‘aimihﬁ <;+abili+y

0 20000 40000 60000 80000 100000 120000 140000 160000
step

100 - / Post-Norm has smoother @radierﬁs and thus

L2 norm of gradient
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QK-Norm

A RMSNorm layer - Root Mean Square Layer Normalization

Applied to queries and keys before applying RoPE
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Normalization Layer Placement in Gemma 3

OLMo
Post-Norm

RMSNorm for queries & keys

)

OLMo 2 7B

.» Vocabulary size of 100k

p

Linear output layer

n

"

>

( Token embedding layer ]

4

l Tokenized text l

Sample input text
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Gemma 3
Post & Pre-Norm

Gemma 3 4B

.» Vocabulary size of 256k

a

Linear output layer

M |
>
L)
L)
.

Final RMSNorm

@

( aKkNom |

attention
34 x\

-

-+

Post-RMSNorm 2 |

S

>

Feed forward

I

Pre-RMSNorm 2)

4

A

D
Post-RMSNorm 1 |
i
i

idin
Pre-RMSNorm 1 |
A

3|

4

( Token embedding layer )

J

Tokenized text

_’I

Sample input text



Gemma 3n

For small devices

This likely refers to the
Gemma 3 4B model

Standard execution / with skipped parameters & cached PLE
Parameters Ioade(: 5.448B ’ Parameters loaded: 1.91B

4 2

i
;

These par‘ame‘rer‘; are only

loaded upon demand
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Per-Layer Embedding (PLE)

Each layer has its own small parameter set that:
Adjusts token representations
Re-embeds or reprojects features for that specific layer

Small linear layers or low-rank adapters
Sometimes gating or scaling vectors

Each layer becomes specialized

Each layer has a look-up table for a token’s embedding for the layer
Table is learned in training
Fetched from main memory
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Gemma 4

Basically the same as Gemma 3

Gemma 4 Differences
Uses p-RoPE
For the full attention layers, they reuse the keys in the attention mechanism
Values = keys

Gemma 3 (27B) Gemma 4 (31B)

Vocabulary size of 262k 3 .Vocabulary size of 262k

o

o

0"
( .’ x ( % \
Linear output layer
Final RMSNorm  etEEmsssasssssssssssssssssnansse, SSmEssssssssssssssssasssssassanss .
- . L -
: al
E

.
E Linear layer

H

.

‘i (GELU ac(ivatlon) ( Linear layer J § ----------- -; (GELU aclivalion)( Linear layer ) g
: Feed forward
G )  Comeron ) :
: 2 . Pre-RMSNorm 2 ; %, ;
AT T T T Ferrerssrnaneaenanast tassssssennusew Spersssanasennaees
Input dim.: 5,376 Input dim.: 5,376
Intermediate dim.: 21,504 Intermediate dim.: 21,504

QK-Norm Post-RMSNorm 1
5:1 (local:global) pelfoce gobe) - 5:1 Local (sliding) to
bl g </cin9 indow and SCng Window. nd global (full attention) ratio
Local:

N | = |z S N o B 5 henton s
Supported 62 x\_ """"" ratio Supported 60 x\ """" 16 key & value heads
context length context length Global:
of 128k tokens 32 attention heads of 256k tokens 32 attention heads

16 key & value heads _ 4 key & value heads
( Token embedding layer ] ( Token embedding layer |...
"l Embedding | T . Embedding
dimension of 5,376 k ‘) dimension of 5,376

?

Sample input text Sample input text
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But Gema 4 is Better

B Gemma 4 31B P Gemma 3 27B B Qwen3.5-27B

Gemma 4 31B 85.2
MMLU Pro Gemma 3 27B 67.6
Qwen3.5-27B 86.1

Gemma 4 31B 89.2

AIME 2026 no tools Gemma 3 27B 20.8
Qwen3.5-27B 90.8

Gemma 4 31B 80.0

LiveCodeBench v6 Gemma 3 27B 29.1
Qwen3.5-27B 80.7

Gemma 4 31B 84.3

GPQA Diamond Gemma 3 27B 42.4
Qwen3.5-27B 85.5

Gemma 4 31B 76.9

Tau2 (avg over 3) Gemma 3 27B 16.2
Qwen3.5-27B 79.0

Gemma 4 31B 74.4
BigBench Extra Hard Gemma 3 27B 19.3

Qwen3.5-27B BigBench Extra Hard unavailable from verified official source

Gemma 4 31B 88.4
MMMLU Gemma 3 27B 70.7

Qwen3.5-27B 85.9

Score
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Gemma 4 MoE 25B-A4B

Qwen3 Coder Flash (30B-A3B)

Vocabulary size of 151k

!

( RoPE

Supported

context length
of 256k tokens

.

?

Sample input text

Embedding

FeedForward (SwiGLU) module

lUnearlayerl

A

(smu activatlon]( Linear layer )
'y :

' Linear layer l

. -
eagessasssssanrssactosanrinnsnasensanrennnst
:

Interme.diate hidden
: layer dimension of
& 768
i T MoE layer
Feed forward 5 Feed forward
1 128

Resource savings:

* Model size is 308

* but only 8 experts active per
token

* only 3.3B parameters are active

per inference step

dimension of 2048

Gemma 4 (26B-A4B)

+

Linear output layer
Final RMSNorm

{} :

Pre-RMSNorm 2

(‘ Post-RMSNorm 1

5:1 (local:global)
sliding window and
GQA

Pre-RMSNorm 1

Supported :
context length
of 256k tokens

( Token embedding layer )

( Tokenized text )

t Embedding
Sample input text
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Vocabulary size of 262k

FeedForward (GEGLU) module

l Linear layer '

ry 2
(GELU activatlora( Linear layer )

Linear layer

OO e T E T LT E LT
sesssssnnn

e W
“vrsvsssvsnssrrnrrnnslosanrsrrrrssssarreseey
. .

Intermediate hidden
layer dimension of
704

f
i

B

. s
Resource savings:
* Model size is 25.2B

* but only 8 experts + 1 shared
expert active per token

* only 3.8B parameters are active
per inference step

dimension of 2816



Mistral Small 3.1 24B

Outperforms Gemma 3 27B on several benchmarks while being faster

Custom tokenizer, and shrinking the KV cache and layer count

Gemma 3 27B Mistral 3.1 Small 24B

4 Vocabulary size of 256k 4 .Vocabulary size of 256k

—‘ .U
/’ “.0 \ /’ . \
Linear output layer Linear output layer
Final RMSNorm tmessasssssssssssssssssssssssaan, FinalRMSNorm | [ smssssssssssssssssssssssssssssss, v
- : :

Gy — = S >

, : : =
| Post-RMSNorm2 | [ | | .. . [GELU acuvatlon] ( Linear layer ) >
ae? H : """"

------- ( SiLU activalion) [ Linear layer ) E
CLAd »

paneet H . Sapeeantt
Feed forward | * H H Feed forward :
- -

 Pre-AMSNorm 2 . . : | Pro-RMSNorm 2 5 . :
........... {esssssssssnnsnnnnnnnnt \ = --------..f...-..------..........-
P g :

b

QK-Norm \J ( Post-RMSNorm 1\|
— T L Hidden layer - Hikiden Sayer
Grouped-query dimension of 21,504 Se dimension of 32,768
B (pius sliding window) ( RoPE )" attention

g
Yoy,
e

.: v,
I N ~wel] .'. Pre-RMSNom 1 | | | ..
== a = .
...... Supported 40 \ s 40 attention heads
62 X 32 attention heads context length - '

16 key & value heads of 128k tokens § key & value heads

Supported
context length
of 128k tokens

( Token embedding layer )

......... .. Embedding +. Embedding ;
J dimension of 5,120

\ J dimension of 5,376 k

oo

Sample input text

Sample input text
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Llama 4 vs DeepSeek V3

DeepSeek V3 Llama 4

Multi-Head Latent Attention Grouped-Query Attention

37 billion active parameters |7 billion active parameters

9 active experts 2 active experts

2,048 hidden size 8,192 hidden size

All layers but the first 3 are MoE Alternates MoE & Dense layers

DeepSeek V3 (671B Llama 4 Maverick (400B)
More, smaller experts Fewer, bigger experts

Vocabulary size of 129k Vocabulary size of 202k
+* F_eedForward (SwiGLU) modulg T FeedForward (SwiGLU) module

-_L““'a iayer ( —. near output layer \ i -Lineer ayer
oE

| | =
(S LU nc'.xvumxj [ Linear layer J H ! (s LU activat Qn) ( Linear layer ] ]
\ : H ( | i g ;

M

Intermediate hidden

Intermediate hidden
layer dimension of
8,192

layer dimension of
2,048

sses}esccsccssccascsscccasacsssasssns

RMSNormm 2

Supported
context length 7
of 128k tokens | . ©

s
1% ¥ supored (SN 1% Y
| Router of 512k tokens §

Token embedding layer _J N e s AR R SR SN YRR Rn S B 0n embedding layer

Resource savings: Resource savings:

J © Monea e 2 j * Model size is 4008
First 3 blocks use * but only 1 (shared) + 8 experts Dense and MoE =y * but only 1 (shared) +1 expert
dense FFN with active per token : blocks alternate every active per token
hidden size 18,432 1 . + only 37B parameters are active 2nd block; hidden « only 17B parameters are active
instead of MoE : Embedding per inference step size 16,384 for dense t Embedding per inference step
Sample input text dimension of 7,168 layers Sample input text dimension of 5,120
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Qwen3-Next 80B-A3B

Qwen3 Next uses 4x more experts than Qwen3 235B-A22B

Qwen3 Next uses

Gated DeltaNet + Gated Attention Hybrid

Multi-Token Prediction (MTP)

Qwen3 235B-A22B

Vocabulary size of 151k
% FeedForward (SwiGLU) module

(SILU achvahon) ( Linear layer ] :

---------------------------------------------

Linear output layer

Final RMSNorm

Input expert size: 4,096

i Intermediate projection size:
1,536

...................................
.....

Grouped-query
Attention

=
94 ><S\k J

[ Token embedding layer )

[ RoPE b

NG ot
------------------------------------

; Resource savings:
* Model size is 2358
\ j * butonly 8 experts active per
- token
* only 22B parameters are active

f - per inference step (i.e., only
Embedding 9.36% :
Sample input text dimension of 4,096 SR AT ACUVE)
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Qwen3 Next 80B-A3B

4

Linear output layer
Final RMSNorm

~

Gated DeltaNet +
Gated Attention Hybrid

RoPE

l RMSNorm 1 '
A

48 ><S\k ‘)

( Token embedding layer ]

s,
s,
..
s,
s,
",
s,
.
.,
s,
%
¥
0
.
.
.

Tokenized text

Sample input text

Embedding
dimension of 2048

Vocabulary size of 151k

FeedForward (SwiGLU) module

-----------------------------------------------

: (SiLU activalion)( Linear layer ) :

., .
., -
--------------------- Toeesnsnnvnvnnnnnnnnnnan®
.
0

Input expert'size: 2048

Intermediate projection size:
512

......................................

Resource savings:

* Model size is 80B

* but only 10 experts + 1 shared
expert active per token

* only 3B parameters are active per
inference step (i.e., only 3.75%
parameters active)



Gated DeltaNet + Gated Attention Hybrid

A
vy ; QANR > i Rl = e | gSRMaERssmssscmasssadiessscocessaameny g
W@ﬂg N@Xﬁ @@ "’Ag v >D : -Linear g ) Sigmoid
' | Output Gate
! Mixture of Experts 2
™\ : ) A ’ : [ Scaled Dot Product Attention ] o
: Zero-Centered RMSNorm I v A :

( inear [ !
Linear output layer X ' q A k A
: I
Final RMSNorm il A R ) )
> . ' Partial Rope Partial Rope
|
'

f N 11X ¢ ) :
I : i N Zero-Centered Zero-Centered
: Lo : RMSNorm RMSNorm
([ me ] ! Gated Attention ~ {--- | I

Zero-Centered RMSNorm

| |
. ) - Linear \Linear / \ Linear / \Linear j
RMSNorm 2 E T E ! J '

A
\
[ e Gated DeltaNet + (I [NSR EER ) FERESEREEETE RS AT RIS TREE \ o SiLU
Gated Attention Hybrid [ B I e L T, e > :
.......... '
'

! - N ! Output Gate
1 1 1 R
RMSNorm 1 : . : ‘
:t: : Mixture of Experts : : l Zero-Centered RMSNorm l
\\ 1L/ - ). £
48 X A . { ]

Gated Delta Rule
Zero-Centered RMSNorm

( Token embedding layer ) 5 'y i E q;unk v a A A ,B

k j 3 X : >»D :
: : b o o o 1

| | caapotanat |- @ :
: | i Conv Conv ;

Sample input text : > T S ' __l - 1

: .+ \ Linear {7 Linear / A i Linear /:
: Zero-Centered RMSNorm | ! i Lin. '
y A : : '

_______________________________________________________________________________

-~

ﬁ

Source: https://qwen.ai/blog?id=4074cca80393150c248e5082a62983f9cb7d27cd&from=research.latest-advancements-list

3:1 ratio, 3 transformer blocks with Gated DeltaNet followed by 1 transformer block with Gated Attention
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Gated Attention vs. Grouped-Query Attention (GQA)

Output gate that scales the attention result before it is added back to the residual
Zero-centered RMSNorm for QKNorm, rather than a standard RMSNorm

Partial RoPE on a subset of dimensions

Stability changes to GQA
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Gated DeltaNet

Reduces memory size

Less precise content retrieval, so still need Gated Attention

60 T
@ 55
-
) ! —e °
= 50 > *
g - . —2
5 A- o A
v 45 —
S —— —0
A
5 40
-écd - —é-
=
K2 35+
= —&— Transformer++ DeltaNet
§ 30 | | —&— Gated DeltaNet —¢— Mambal
ﬁ —&— Mamba2 —&— Gated DeltaNet-H1

25 || —e— Samba —o— Gated DeltaNet-H2

|
2K x16 4K %8 8K x4 16K x2

Sequence Length x Batch Size
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Multi-Token Prediction (MTP)

Predict several future tokens, instead of a single one, at each step

MBPP Pass(@]1 gains with 4-token prediction

Baseline
| |

13B — 26.0 —_—
.GE) 6.7B — 23.9 - -
“  3B- 11.1| ——
«b) .
’8 1.3B - 6.8 |=——
> 0.6B - —— 4.7

0.3B - — |1.8

https://arxiv.org/pdf/2404.19737

Better & Faster Large Language Models via Multi-token Prediction

30 Apr 2024
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Linear Attention Revival

DeepSeek V3/R1
Qwen3 gpt-oss
Mistral 3.1 Kimi K2 DeepSeek V3.1 Decoder-Style
OLMo 2 Ligmard | it Gilk4a Transformers
Gemma 3 SmolLM 3 T ‘Min.iMax M2
GPT . | L] . R
(2018) 5004 2025
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This
section

\

MiniMax-M1

Qwen3-Next

| Kimi Linear

DeepSeek V3.2-Exp

Attention
Hybrids
(2025)




Mistral Large 3 (673B)

~

( Linear output IayerJ

( Final RMSNorm J

( RoPE

Supported
context length
of 256k tokens

*

. L
Ld
3

Multi-head
Attention

( RMSNorm 1 ) .,

( Token embedding layer ]

First 3 blocks use
dense FFN with
hidden size 16,384
instead of MoE

( Tokenized text J

T

Sample input text

Vocabulary size of 131k

FeedForward (SwiGLU) module

( Linear layer )

A
) 1
& | :
(SiLU activation)( Linear layer J

A

( Linear layer )

“'l-: ---------------- .- "’ ----------------------- o
Intermediate hidden
layer dimension of

: 4,096
'.’.. ‘--II.; lllllllllllllllllllllllllllllll ",
: T MoE layer :

E ' 4Feed forward | Feed forward
] L] ]

5 Resource savings:
* Model size is 671B

12%; heads * but only 1 (shared) + 4 experts
active per token
% * only 41B parameters are active
Embedding per inference step

dimension of 7,168
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